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Abstract
Chiral symmetry is an essential concept in understanding QCD at low energy.
We treat the chiral condensate, which measures the spontaneous breaking of chiral
symmetry, as a free parameter to investigate the effect of partially restored chiral
symmetry on the physical quantities in the frame work of an AdS/QCD model.
We observe an interesting scaling behavior among the nucleon mass, pion decay
constant and chiral condensate. We propose a phenomenological way to introduce
the temperature dependence of a physical quantity in the AdS/QCD model with
the thermal AdS metric.
1 Introduction
Based on the AdS/CFT [1], many successful attempts have been made to construct a
holographic model of QCD, in both the bottom-up [2, 3] and the top-down[4] approaches.
Baryons are also introduced into both of the approaches [5].
Since it has been generally expected that the physical properties of hadrons un-
dergo a significant change in the finite temperature and/or density environment, finite
temperature extension of the approaches have been of great interest. One of the interest-
ing approaches is to use the AdS black hole. However, according to the Hawking-Page
transition analysis done in [6], the AdS black hole is unstable at low temperature and
the thermal AdS metric is energetically favored in the confining phase [6]. In general,
the thermal AdS background will not render any temperature dependence of any physi-
cal quantities in confined phase, since the metric, thermal AdS, is not globally modified
compared to those at zero temperature, AdS. It is shown in [7] that in low-temperature
confined phase, the properties of hadrons show no significant changes compared to zero
temperature. This means that, in the light of the Hawking-Page transition, the AdS/QCD
model may not be of much use, when it comes to the temperature dependence of physical
quantities such as meson and baryon masses. As long as we are taking Nc →∞ limit, the
observation of the Hawking-Page transition analysis is consistent with large Nc QCD [8].
In real world, however, the properties of hadrons, in confined phase, are modified at finite
temperature, see [9, 10, 11, 12, 13] for examples. In the light of the Hawking-Page, we
could think of such a temperature dependence as a consequence of large Nc corrections in
an AdS/QCD approach. We note here that up to now, however, such large Nc corrections
have not been successfully included in AdS/QCD [14]. In this work we propose a simple
way to introduce a temperature dependence through the chiral condensate in the frame
work of the hard wall model [2, 3].
The chiral symmetry of QCD has been playing an important role in hadron physics.
A pertinent order parameter for the symmetry is the chiral condensate 〈q¯q〉. There has
been any amount of research on the chiral condensate at finite temperature and density
in the framework of QCD effective theories or models. One of the interesting questions
regarding the chiral condensate is: what is the effect of the partial restoration of the chiral
symmetry on the physical quantities such as meson and baryon masses?
In a bottom-up AdS/QCD model, the chiral condensate is encoded in a 5D profile
of a scalar field X that couples to quark bilinear q¯q at the boundary of AdS5. The
background geometry of the hard wall model [2, 3] is defined as a slice of anti-de Sitter
(AdS) metric,
ds2 =
1
z2
(
ηµνdx
µdxν − dz2) , z0 ≤ z ≤ zm , (1)
where z0 → 0. Here z0 is the UV-cutoff and zm for the IR-cutoff. In the hard wall
mode [2, 3] the vacuum expectation of the scalar X0 = 〈X(x, z)〉 is given by X0 =
c1z + c2z
3, where c1 and c2 are integration constants to be fixed by boundary conditions.
According to an AdS/CFT dictionary, c1 is identified with current quark mass, c1 ∼ mq,
and c2 is interpreted as the chiral condensate, c2 ∼ 〈q¯q〉. In this work we will set c1 = 0,
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no explicit chiral symmetry breaking, and take c2 as a free parameter of the model. In the
hard wall model, the correspondence c2 ∼ 〈q¯q〉 is realized by imposing the IR boundary
condition: X0(zm)/z
3
m ∼ 〈q¯q〉 [3]. We vary the value of c2 from a finite value to zero
to mimic a chiral symmetry restoration in a specific environment such as QCD at finite
temperature.
Our primary goal in this study is to observe how physical quantities depend on the
change of the chiral condensate, which is, in turn, supposed to address the consequences
of the (partial) restoration of chiral symmetry to the physical quantities of QCD effective
theories at low energy. One of the interesting observations as a consequence of chiral
symmetry restoration is the scaling behavior of the hadron properties at finite temperature
and/or density. For examples, NJL model gives [15, 16]
m⋆N
mN
≃ m
⋆
σ
mσ
≃ 〈q¯q〉
⋆
〈q¯q〉 , (2)
and BR scaling [16, 17] reads
m⋆N
mN
≃ m
⋆
σ
mσ
≃ m
⋆
ρ
mρ
≃ m
⋆
ω
mω
≃ f
⋆
π
fπ
. (3)
Here ⋆ is for temperature/density dependent quantities.
As described in [2, 3], the chiral condensate in the hard wall model is an integration
constant to be fixed by the IR boundary condition: X0(zm)/z
3
m = c2 ∼ 〈q¯q〉 with mq = 0.
It has been known [9, 10, 11, 12, 13] that the value of the chiral condensate changes
with temperature. Therefore we can define a hard wall model at finite temperature with
the following IR boundary condition: X0(zm)/z
3
m = c2 ∼ 〈q¯q〉⋆. Here 〈q¯q〉⋆ denotes the
temperature dependent chiral condensate. This is a proposal in this work as a simple
way to introduce a temperature dependence in the hard wall model by imposing a IR
boundary condition defined at finite temperature. We cannot, however, determine the
temperature dependence of the chiral condensate in a self-consistent way within the hard
wall model. Therefore, as done in zero temperature case [2, 3], we have to consider 〈q¯q〉⋆
as an input, and take the temperature dependence of the chiral condensate from a QCD
effective theory or lattice QCD study. This is a limitation of the present study. Once the
temperature dependence of the chiral condensate is given, however, we can easily obtain
the temperature dependence of the other physical quantities such as the nucleon mass
and the pion decay constant.
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2 Scalings of physical quantities in the hard wall model
The action of the model developed in [2, 3] is, adopting the convention in [2],
S5 =
∫
d4x
∫
dzL5
=
∫
d4x
∫
dz
√
g Tr[− 1
4g25
(F 2L + F
2
R)
+|DX|2 + 3|X2| ] (4)
where DµX = ∂µX − iALµX + iXARµ and AL,R = AaL,Rta with Tr(tatb) = 12δab. The bulk
scalar field is defined by X = X0e
2iπata , where X0 ≡ 〈X〉. The background metric of the
model is a slice of AdS metric,
ds2 =
1
z2
(
ηµνdx
µdxν − dz2) , z0 ≤ z ≤ zm , (5)
where z0 → 0. Here g5 is the 5D gauge coupling, g25 = 12π2/Nc, z0 is the UV-cutoff
and zm is for the IR-cutoff. In [2, 3], the IR-cutoff zm is fixed by the ρ-meson mass:
1/zm ≃ 320 MeV. The vector- and axial-vector mesons are defined by
Vµ =
1
2
(AL + AR)
Aµ =
1
2
(AL − AR) . (6)
To define our scaling factor σ, we solve the equation of motion for X0,[
∂2z −
3
z
∂z +
3
z2
]
X0 = 0, X0 = c1z + c2z
3 , (7)
where c1 and c2 are integration constants. We define v(z) ≡ 2X0. An AdS/CFT dic-
tionary dictates that c1 is nothing but the source term, current quark mass mq, and c2
should be interpreted as the chiral condensate, the order parameter of chiral symmetry
breaking/restoration. In this work, we take mq = 0. Then, we have
c1 = 0, c2 =
1
2
σ ,
where σ is a free parameter of the model. Note that σ = σ0 ≈ (0.33 GeV)3 is compatible
with phenomenology [2]. We scale down σ from σ0 to zero.
We first consider the scaling of vector and axial-vector meson masses as a function
of σ. The relevant equations of motions for the transverse component of the vector and
axial-vector bulk fields are, after the Kaluza-Klein reduction of the bulk field, Vµ(x, z) =
Σnf
V
n (z)V
(n)
µ (x), [
∂2z −
1
z
∂z +m
2
n
]
fVn (z) = 0 , (8)[
∂2z −
1
z
∂z +m
2
n − g25
v2
z2
]
fAn (z) = 0 , (9)
3
where v(z) = σz3. As in [3], we impose the following boundary conditions: fV,An (z0) =
0, ∂zf
V,A
n (zm) = 0. Since the equation of motion for the vector is blind to v(z), due to
Dµv = ∂µv − 2ivAµ, the 4D mass of the vector meson mn such as ρ-meson mass will not
scale with σ. While, the mass of axial-vector mesons will change with varying σ. We plot
the mass of the lowest lying vector and axial vector mesons, ρ and a1, in Fig. 1. As in
Fig. 1, we have ma1 ≈ mρ at R1/3σ (≡ σ1/3/σ1/30 ) ≈ 0.4. This means that the role of the
term with v2 in Eq. (9) becomes negligible when R
1/3
σ ≤ 0.4.
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Figure 1: The scaling of a1 mass normalized to mρ as a function of σ. Here RV ≡ ma1(σ)/mρ
and R
1/3
σ = (σ/σ0)
1/3.
Now we discuss the pion decay constant. The pion decay constant is defined by [2]
f 2π = −
1
g25
∂zA(0, z)
z
|z=z0 , (10)
where A(0, z) is the solution of the following equation,
[
∂2z −
1
z
∂z − 2v
2
z2
]
A(0, z) = 0 . (11)
The scaling behavior of fπ is shown in Fig. 2 together with that of nucleon.
Finally, we delve into the scaling behavior of the nucleon mass with σ. The model [2,
3] is extended to include baryons in Ref. [18]. The AdS/QCD model of spin 1
2
, isospin 1
2
baryons is given by the action, referring to [18] for details,
Skin =
∫
dz
∫
dx4
√
G5
[
iN¯1Γ
MDMN1 + iN¯2Γ
MDMN2 − 5
2
N¯1N1 +
5
2
N¯2N2
]
,
Sm =
∫
dz
∫
dx4
√
G5
[−gN¯1XN2 − gN¯2X†N1] , (12)
4
1.0 0.8 0.6 0.4 0.2 0.0
0.0
0.2
0.4
0.6
0.8
1.0
 
R1/3
R
f
R
M
(a)
1.0 0.8 0.6 0.4 0.2 0.0
0.0
0.2
0.4
0.6
0.8
1.0
R
R
M
R
f
(b)
Figure 2: The scaling of the nucleon mass and the pion decay constant as a function of (a)
R
1/3
σ , (b) Rσ ≡ σ/σ0. Here RM ≡ mN (σ)/mN (σ0) and Rf ≡ fπ(σ)/fπ(σ0).
where the covariant derivatives for N1 and N2 include the gauge group SU(2)L×SU(2)R
as well as the metric connection, and a single parameter g should be fixed to reproduce
the nucleon mass. By expanding N1 and N2 in terms of KK modes, it is easy to find
the mode equations that must be solved to find the mass spectrum of 4D spin 1
2
baryons.
Writing N1(x, z) = f1L(z)BL(x)+f1R(z)BR(x) and similarly for N2(x, z) = f2L(z)BL(x)+
f2R(z)BR(x), where BL,R are the components of the 4D spinor B = (BL, BR)
T with mass
mN to be determined, we have(
∂z − ∆z −gX0z
−gX0
z
∂z − 4−∆z
)(
f1L
f2L
)
= −mN
(
f1R
f2R
)
,
(
∂z − 4−∆z gX0z
gX0
z
∂z − ∆z
)(
f1R
f2R
)
= mN
(
f1L
f2L
)
(13)
with the IR boundary condition f1R(zm) = f2L(zm) = 0 [18]. Here ∆ = 9/2, and X0 =
1
2
σz3. The scaling behavior of mN is shown in Fig. 2. Note that as in the case of axial
vector meson mass, a1, in Fig. 1, the role of X0 in the baryon mode equation becomes
negligible at R
1/3
σ ≈ 0.4 and the mass of nucleon is almost zero at and after R1/3σ ≈ 0.4.
We recast Fig. 2(a) in Fig. 2(b), where Rσ ≡ σ/σ0 is used for the horizontal axis. From
Fig. 2(b), we can see the the overall scaling behavior of fpi(σ)
fpi(σ0)
is not much different from
σ
σ0
. A salient feature of the hard wall model is that the vector meson mass, for example
ρ-meson mass, is independent of the chiral condensate as shown in Eq. (8), and therefore
the mass of ρ is blind to the restoration of chiral symmetry in the present approach.
Finally, we comment on the σ-dependence of the scalar meson mass. In general, studying
scalar excitations is not simple as they are sensitive to the potential of X . If we follow
Ref.[19], where a potential for X is added on the IR, the mass of the first scalar resonance
is degenerate with the massless pion as σ → 0.
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3 Finite temperature as a boundary condition
In the previous section, we obtain an interesting scaling properties of physical quantities
with respect to the chiral condensate in the hard wall model. The chiral condensate is
identified as the integration constant, c2, fixed by a boundary condition in Eq.(7).
In this section, we propose a phenomenological way to introduce the temperature
dependence of physical quantities in the hard wall model by imposing a boundary condi-
tion as a function of temperature T . Then we have c2 ∼ 〈q¯q〉⋆, where ⋆ is for temperature
dependence. In general, in bottom-up AdS/QCD approach, however, there is no estab-
lished way to calculate the temperature dependence of σ. Therefore we have to take σ⋆ as
an input and borrow the temperature dependence of σ from a model calculation or lattice
QCD study. Although it might be a limitation of the present study, once σ⋆ is given, we
can easily obtain the temperature dependence of the other hadronic parameters such as
the nucleon mass and the pion decay constant. Here we focus on the temperature depen-
dence of the pion decay constant. As an example, we take σ⋆/σ0 by extrapolating the
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Figure 3: The temperature dependence of the pion decay constant. Here the temperature
dependent chiral condensates are inputs, R⋆σ ≡ σ⋆/σ and R⋆f ≡ f⋆π/fπ: (a) R⋆σ taken from [9] in
the chiral limit, (b) R⋆σ from [10] with a finite current quark mass.
temperature dependence of the chiral condensate obtained from the chiral Lagrangian [9]
with two quark flavors in the chiral limit, which is presumably valid at low temperature.
Then we can obtain the temperature dependence of fπ using Eqs. (10) and (11) as shown
in Fig. 3(a).
In Fig. 3(b), the temperature dependence of the pion decay constant is calculated by
adopting the temperature dependence of the chiral condensate obtained in a generalized
NJL model [10] with a finite current quark mass.
Now, we compare the temperature dependence of fπ calculated in this model with
the one from chiral perturbation theory [11] and from linear and non-linear sigma models
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Figure 4: The temperature dependence of the pion decay constant. The temperature dependent
chiral condensate is taken from [11, 12], Eq. (14). Solid line is for our result, and dashed line is
from [11, 12], given in Eq. (15).
[12]. We note here that at low temperature or at the leading order in temperature T ,
both studies [11, 12] give the same results on the chiral condensate,
σ⋆
σ0
= 1− T
2
8f 2π
. (14)
We take the temperature dependent chiral condensate σ⋆/σ0 given in Eq. (14) as an
input and calculate the temperature dependence of the pion decay constant using Eqs.
(10) and (11). In Fig. 4, we compare our f ⋆π with that from [11, 12]. The temperature
dependent pion decay constant obtained in [11, 12] at low temperature is given by
f ⋆π
fπ
= 1− T
2
12f 2π
. (15)
The observed temperature dependence of fπ in our work is weaker than the one from [11,
12]. The temperature dependence obtained in the present work is only due to the tem-
perature dependent chiral condensate. In addition to this, we expect some tempera-
ture dependence due to large Nc corrections and from higher dimensional terms such as
FLXFRX
† in the action of the hard wall model.
Finally, we remark that the temperature dependence obtained in the present study
has some similarity with that from QCD sum rule at finite temperature, for instance, see
[20]. In thermal QCD sum rule, the temperature dependence of condensates, e.g., chiral
condensate, is taken from a model study or from lattice QCD, and it is conveyed to the
(part of) temperature dependence of physical quantities such as hadron masses. Since
the temperature dependent chiral condensate used in this work and the one adopted in
the thermal QCD sum rule studies are different, we don’t make a direct comparison of
7
our result with that from [20]. We note here that in thermal QCD sum rule [20], the
temperature dependence could have additional sources other than the chiral condensate
such as the temperature dependent Wilson coefficients or four-quark condensate.
4 Summary
We have used the hard wall model to study the scaling property of physical quantities as
we scale down the chiral condensate. By varying the value of the chiral condensate σ, we
study how the other physical parameters scale with σ, which is summarized in Fig. 2. We
note here that the mass of ρ-meson is independent of the chiral condensate in the hard
wall model [2, 3], and therefore it is blind to the restoration of the chiral symmetry in the
present work.
We have introduced the temperature into the AdS/QCD model through the chiral
condensate as an IR boundary condition. With a given temperature dependent chiral con-
densate σ⋆, we can easily predict the temperature dependence of other physical quantities
such as hadron masses or decay constants. As an example, we have calculated the tem-
perature dependence of the pion decay constant and compare our result with that from
chiral perturbation theory at low temperature. We find that the temperature dependence
of the pion decay constant predicted from the present study is weak compared to that
from chiral perturbation theory [11] and from linear and non-linear sigma models [12].
Acknowledgments
We thank Mannque Rho for useful comments. HKL was supported by the Korea Science &
Engineering Foundation(KOSEF) grant funded by Korea government(MOST)(No. R01-
2006-000-10651-0).
References
[1] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231;
S.S. Gubser, I.R. Klebanov and A.M. Polyakov, Phys. Lett. B428 (1998) 105;
E. Witten, Adv. Theor. Math, Phys. 2 (1998) 253; J. Polchinski and M. J. Strassler,
Phys. Rev. Lett. 88 (2002) 031601; hep-th/0109174; A. Karch and E. Katz, JHEP
0206, 043 (2002) [arXiv:hep-th/0205236].
[2] J. Erlich, E. Katz, D. T. Son and M. A. Stephanov, Phys. Rev. Lett. 95, 261602
(2005) [arXiv:hep-ph/0501128].
[3] L. Da Rold and A. Pomarol, Nucl. Phys. B 721, 79 (2005) [arXiv:hep-ph/0501218].
[4] T. Sakai and S. Sugimoto, Prog. Theor. Phys. 113, 843 (2005)
[arXiv:hep-th/0412141].
8
[5] G. F. de Teramond and S. J. Brodsky, Phys. Rev. Lett. 94, 201601 (2005)
[arXiv:hep-th/0501022]; D. K. Hong, T. Inami and H. U. Yee, Phys. Lett. B 646,
165 (2007) [arXiv:hep-ph/0609270]; K. Nawa, H. Suganuma and T. Kojo, Phys. Rev.
D 75, 086003 (2007) [arXiv:hep-th/0612187]; D. K. Hong, M. Rho, H. U. Yee and
P. Yi, Phys. Rev. D76, 061901 (2007) [arXiv:hep-th/0701276]; D. K. Hong, M. Rho,
H. U. Yee and P. Yi, JHEP 0709, 063 (2007) [arXiv:hep-th/0705.2632] .
[6] C. P. Herzog, Phys. Rev. Lett. 98, 091601 (2007) [arXiv:hep-th/0608151].
[7] K. Peeters, J. Sonnenschein and M. Zamaklar, Phys. Rev. D74, 106008 (2006)
[arXiv:hep-th/0606195]; K. H. Jo, Y. Kim, H. K. Lee and S.-J. Sin, ”Vector sus-
ceptibility and chiral phase transition in AdS/QCD models,” hep-ph/0609008;
[8] F. Neri and A. Gocksch, Phys. Rev. D28, 3147 (1983); R. D. Pisarski, Phys. Rev.
D29, 1222 (1984).
[9] P. Gerber and H. Leutwyler, Nucl. Phys. B321, 387 (1989).
[10] K. Fukushima, Phys. Lett. B591, 277 (2004) [arXiv:hep-ph/0310121]; C. Ratti, M.
A. Thaler and W. Weise, Phys. Rev. D73, 014019 (2006)[arXiv:hep-ph/0506234]; W.
Weise, C. Ratti and S. Rossner, Phases of QCD, ”Polyakov loop and quasiparticles,”
to appear in the proceedings of YKIS Seminar on New Frontiers in QCD: Exotic
Hadrons and Hadronic Matter, Kyoto, Japan, 20 Nov - 8 Dec 2006, hep-ph/07043585.
[11] J. Gasser and H. Leutwyler, Phys. Lett. B184, 83 (1987).
[12] A. Bochkarev, J. I. Kapusta, Phys. Rev. D54, 4066 (1996) [arXiv:hep-ph/9602405].
[13] G. Boyd, S. Gupta, F. Karsch, E. Laermann, B. Petersson and K. Redlich, Phys.
Lett. B 349, 170(1995) [arXiv:hep-lat/9501029].
[14] M. Harada, S. Matsuzaki and K. Yamawaki, Phys. Rev. D74, 076004 (2006)
[arXiv:hep-ph/0603248].
[15] V. Bernard, U. G. Meissner and I. Zahed, Phys. Rev. Lett. 59,966 (1987); U. Vogl
and W. Weise, Prog. Part. Nucl. Phys. 27, 195 (1991).
[16] G.E. Brown and M. Rho, Phys. Rept. 269, 333 (1996) [arXiv:hep-ph/9504250]; G.
E. Brown, J. W. Holt, C.-H. Lee and M. Rho, Phys. Rept. 439, 161 (2007) [arXiv:
nucl-th/0608023].
[17] G.E. Brown and M. Rho, Phys. Rev. Lett.66, 2720 (1991).
[18] D. K. Hong, T. Inami and H. U. Yee, Phys. Lett. B 646, 165 (2007).
[19] L. Da Rold and A. Pomarol, JHEP 0601, 157 (2006) [arXiv:hep-ph/0510268].
9
[20] A.I. Bochkarev and M.E. Shaposhnikov, Nucl. Phys. B268, 220 (1986); R.J. Furn-
stahl, T. Hatsuda and S. H. Lee, Phys. Rev.D42, 1744 (1990); C. Adami, T. Hatsuda
and I. Zahed, Phys. Rev. D43, 921 (1991); C. Adami, I. Zahed, Phys. Rev. D45,
4312 (1992); T. Hatsuda, Y. Koike and S. H. Lee, Nucl. Phys. B394, 221 (1993).
10
